Numerical Investigation of 3-D Constraint Effects on Brittle Fracture in SE(B) and C(T) Specimens by Nevalaninen, M. & Dodds, Robert H., Jr.
- (o 
I~9A 
S90 
UILU-ENG-95-2001 
CIVIL ENGINEERING STUDIES 
STRUCTURAL RESEARCH SERIES NO. 598 
ISSN: 0069-4274 
Numerical Investigation of 3-D 
Constraint Effects on Brittle Fracture 
in SEeS) and C(T) Specimens 
By 
Markku Nevalainen 
Technical Research Centre of Finland (VTT) 
and 
Robert H. Dodds, Jr. 
University of Illinois 
A Report on a Research Project 
Sponsored by the 
U.S. NUCLEAR REGULATORY COMMISSION 
OFFICE OF NUCLEAR REGULATORY RESEARCH 
DIVISION OF ENGINEERING 
WASHINGTON, D.C. 
NAVAL SURFACE WARFARE CENTER-
ANNAPOLIS DETACHMENT 
ANNAPOLIS, MARYLAND 
., "?~;ference ~:m 
- --hi of Dlm'}~~-; 
DEPARTMENT OF CIVIL ENGINEERING - '~~:'5I"J l&l'k C-f; L;~\) 
University of Illinois at Urbana-Champaign .' '_"';B:~ t-hi:;w:s;i.·;, .. :;:·,l'V .... 
Urbana, Illinois ~\i~'~ ~l 
February 1995 

50272-101 
REPORT DOCUMENTATION 
PAGE 
4. TItle and Subtitle 
1. REPORT NO. 
SRS 598 
2. 3. Recipienfs Accession No. 
s. Report Date 
Numerical Investigation of 3-D Constraint Effects on Brittle 
Fracture in SEeB) and CeT) Specimens 6. 
February 1995 
7. Author(s) 8. Performing Organization Report No. 
M. Nevalainen and R. H. Dodds, Jr. UILU-ENG-94-2001 
9. Performing Organization Name and Address 10. ProJectlTask/Work Unit No. 
University of illinois at Urbana-Champaign 
Department of Civil Engineering 11. Contract(C) or Grant(G) No. 
205 N. Mathews Avenue 
Urbana, illinois 61801 
12. Sponsoring Organization Name and Address 
Naval Surface Warfare Center 
Annapolis Detachment 
Annapolis, Maryland 21402 
1 S. Supplementary Notes 
16.Abstract (Umlt: 200 words) 
N61533-92-K-0030 
13. Type of Report &. Period Covered 
U.S. Nuclear Regulatory Commission Annual: 10-1-93 to 9-30-94 
Office Of Nuclear Regulatory Research 
Division Of Engineering t-1-4.--------------I 
Washington, D.C. 
Specimen size and geometry effects on cleavage fracture offerritic steels tested in the ductile-to-brittle 
transition region remain an important technological impediment in industrial applications of fracture 
mechanics and in the on-going development of consensus fracture testing standards. This investigation 
employs 3-D nonlinear finite element analyses to conduct an extensive parametric evaluation of crack 
front stress triaxiality for deep notch SE(B) and CeT) specimens and shallow notch SE(B) specimens, 
with and without side grooves. 
Crack front conditions are characterized in terms of J-Q trajectories and the constraint scaling model 
for cleavage fracture toughness proposed previously by Dodds and A.n.derson. An extension of the tough-
ness scaling model suggested here combines a revised "in-plane" constraint correction with an explicit 
thickness correction derived from extreme value statistics. The 3-D analyses provide "effective" thick-
nesses for use in the statistical correction which reflect the interaction of material flow properties and 
specimen aspect ratios, a/Wand W /B, on the varying levels of stress triaxiality over the crack front. 
The 3-D computational results imply that a significantly less strict size/deformation limit, relative to 
the limits indicated by previous plane-strain computations, is needed to maintain small-scale yielding 
conditions at fracture by a stress-controlled, cleavage mechanism in deep notch SE(B) and CeT) speci-
mens. Moreover, the analyses indicate that side grooves (20%) should have essentially no net effect on 
measured toughness values of such specimens. 
Additional new results made available from the 3-D analyses also include revised 1]-plastic factors for 
use in experimental studies to convert measured work quantities to thickness average and maximum 
(local) J-values over the crack front. To estimate CTOD values, new m-factors are included for use in 
the expression J = m atzow <5. 
17. Document Analysis a. Descriptors 
fmite elements, three~iemsnional, elastic-plastic, SEeB) specimen, CeT) specimen, constraint, l-Q theory, 
toughness scaling 
b. Identifiers/Open-ended Terms 
c. COSATI Reid/Group 
18.Avallabllity Statement 
Release Unlimited 
(See ANSI-Z39.18) 
19. Security Class (ThIs Report) 
UNCLASSIFIED 
20. Security Class (ThIs Page) 
UNCLASSIFIED 
21. No. of Pages 
41 
22. Price 
OPTIONAL FORM 272 (4-n) 
Department of Commerce 

Numerical Investigation of 3-D Constraint Effects 
on Brittle Fracture in SE(B) and C(T) Specimens 
By 
Markku Nevalainen 
Technical Research Centre of Finland (VTT) 
Robert H. Dodds, Jr. 
University of Illinois 
A Report on a Research Project Sponsored by the: 
u.s. Nuclear Regulatory Commission 
Office of Nuclear Regulatory Research 
Division of Engineering 
Washington, D.C. 
University of Illinois 
Urbana, illinois 
February 1995 

ABSTRACT 
Specimen size and geometry effects on cleavage fracture offerritic steels tested in the duc-
tile-to-brittle transition region remain an important technological impediment in indus-
trial applications of fracture mechanics and in the on-going development of consensus frac-
ture testing standards. This investigation employs 3-D nonlinear finite element analyses 
to conduct an extensive parametric evaluation of crack front stress triaxiality for deep 
notch SE(B) and CeT) specimens and shallow notch SE(B) specimens, with and without side 
grooves. 
Crack front conditions are characterized in terms of J-Q trajectories and the constraint 
scaling model for cleavage fracture toughness proposed previously by Dodds andAnderson. 
An extension of the toughness scaling model suggested here combines a revised "in-plane" 
constraint correction with an explicit thickness correction derived from extreme value sta-
tistics. The 3-D analyses provide "effective" thicknesses for use in the statistical correction 
which reflect the interaction of material flow properties and specimen aspect ratios, a/W 
and W / B, on the varying levels of stress triaxiality over the crack front. 
The 3-D computational results imply that a significantly less strict size/deformation limit, 
relative to the limits indicated by previous plane-strain computations, is needed to main-
tain small-scale yielding conditions at fracture by a stress-controlled, cleavage mechanism 
in deep notch SE(B) and CeT) specimens. Moreover, the analyses indicate that side grooves 
(20%) should have essentially no net effect on measured toughness values of such speci-
mens. 
Additional new results made available from the 3-D analyses also include revised 1j-plastic 
factors for use in experimental studies to convert measured work quantities to thickness 
average and maximum (local) J-values over the crack front. To estimate CTOD values, new 
m-factors are included for use in the expression J = maflowo. 
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Numerical Investigation of 3-D Constraint Effects on 
Brittle Fracture in SE(8) and C(T) Specimens 
1. Introduction 
Extensive plastic deformation often precedes fracture by trans granular cleavage in ferritic ma-
terials when tested in the low-ta-mid range of the ductile-ta-brittle transition (DBT) region 
(see [12,55,56,62] for examples). The interaction of crack-tip plastic zones with nearby trac-
tion-free surfaces and with global plastic zones affects strongly the near-tip stresses which 
control the onset of cleavage fracture. Stresses relax below the values determined uniquely by 
the J-integral [49] for the high constraint condition of small-scale yielding (SSY) [24] which 
exists early in the loading. This loss of a unique relationship between the crack-tip stresses 
and J, coupled with an absolute thickness effect due to random metallurgical variations and 
microstructural flaws along the crack front, underlies the specimen geometry, loading mode 
and size effect in tests to measure cleavage fracture toughness in the DBT region (see Wallin 
[62] for a review article). For example, shallow-crack SE(B)s witha/W < 0.2 frequently exhibit 
a factor of 3-5 elevation in fracture toughness relative to values measured for deep notch con-
figurations having identical thickness [55,56]. Crack-tip plastic zones in SE(B)s with shallow 
cracks merge with the global bending plasticity on the tension surface of the specimen very ear-
ly in the loading. A pronounced loss of crack-tip constraint follows which necessitates much 
larger J values to generate stresses sufficient to trigger cleavage. 
In previous work by Dodds and Anderson [2,14], a local criterion for cleavage fracture was 
coupled with detailed, plane-strain finite element analyses to quantify the effects of planar di-
mensions and a/W ratio on toughness in SE(B) specimens. The research produced two key re-
sults for engineering applications: (1) recommended limits on measured cleauage toughness 
values (denoted J c) for deep notch specimens to maintain near-tip stresses at SSY levels ex-
pressed by b > MJc/oflow withM = 200 and oflow the average of yield and ultimate stresses; and 
(2) a "toughness scaling" procedure to correct measured J c values for the loss of "in-plane" 
constraint due to large-scale yielding (LSY). Subsequent applications of this deformation/size 
limit and the toughness scaling model for a variety of steels tested with SE(B) and C(T) speci-
mens indicate that [19,25,39,44,56,62,]: (1) the M = 200 limit is overly strict; studies of exper-
imental data imply a limit ofM = 50-100 for moderate to high hardening materials having pow-
er-law exponents ofn = 5-10; and (2) the scaling model overcorrects for constraint loss in deep 
notch specimens at LSY for materials with lower amounts of strain hardening, n;:::: 10. 
These observations suggest the potential for a strong interaction between in-plane and 
through-thickness effects on crack-front fields not captured in the plane-strain analyses. Ful-
ly nonlinear, 3-D analyses of through-crack fracture specimens with refined meshes remain 
scarce due to the large-scale computational resources needed. Several studies (for example 
[13,27,33]) have provided quantitative descriptions of J variations along 3-D crack fronts; 
these analyses require only moderate mesh refinement to obtain satisfactory solutions. Brocks 
and Olschewski [8] were among the first to study the evolution of crack-front stresses under 
elastic-plastic conditions using 3-D models for deep notch specimens. Although the finite ele-
ment meshes had less than a desired level of in-plane refinement, due to limits on computing 
resources, their results demonstrate the complex interaction of planar dimensions and thick-
t Numbers in [ ] indicate references listed in Section 7. 
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ness. Narasimhan, et al. [43] analyzed a plane-sided, thin SE(B) specimen having'W/B=8 
with a much more refined model and demonstrated the maintenance of high stress levels on 
the midplane at limit load. More recently, Faleskog [18] performed detailed, 3-D analyses of 
selected deep notch SE(B) and C(T) specimens and found midplane stresses at SSY levels for 
deformation levels b > 50-75 J /aflow using n = 4 flow properties representative of a strongly 
hardening material. 
Here we build upon these earlier efforts through systematic study of crack front fields for 
SE(B) and C(T) specimens obtained with very detailed, 3-D nonlinear analyses. By using 14 
layers of elements over the half-thickness, and the same mesh refinement in each layer as 
employed in refined plane-strain analyses, these models capture fully the crack front stress 
fields over the loading history. Typical quarter-symmetric models have 7500 hexahedron ele-
ments. The analysis matrix for plane-sided specimens includes: SE(B)s having a/W = 0.1,0.5, 
W /E = 1, 2,4; C(T)s having a/W = 0.6, W /B = 1, 2, 4; with strain hardening exponents ofn = 5, 
10 and 20 for each configuration. For an n = 10 material, we examine the effects of 20% side 
grooves (100/0 each side) by analyzing a C(T) having a/W = 0.6, W /B = 2 and SE(B)s having 
a/W=O.l, 0.5, W/B=2. 
We characterize the crack front fields obtained from these 3-D analyses using the J-Q 
[46,47] and toughness scaling methodologies to quantify constraint effects. The 3-D analyses 
reveal much greater through-thickness variations in crack front stresses for deep notch speci-
mens than for shallow-notch specimens. Stress triaxiality on the specimen midplane of deep 
notch specimens remains at SSYlevels to higher (local) Jvalues than indicated by the plane-
strain models. Crack front stresses near the outside surfaces of plane-sided specimens fall well 
below midplane levels and well below plane-strain levels. The maintenance ofSSY conditions 
over a substantial part of the specimen thickness to higher J-levels than found in the plane-
strain analyses indicates that the M = 200 limit on measured J c values for deep notch speci-
mens may be relaxed to M = 75-100 for moderate hardening, which brings the analytically de-
termined value into closer accord with experimental observations. For shallow-notch SE(B)s 
with W/B = 1,2, the plane-strain analyses provide remarkably good descriptions of stresses 
ahead of the crack tip; this perhaps explains the surprisingly goodJ-Q correlations and tough-
ness constraint corrections for such specimens. 
Finally, we propose an extension of the toughness scaling methodology applicable for cleav-
age fracture in the DBT regime which: (1) replaces the plane-strain constraint corrections with 
the new, 3-D "in-plane" constraint corrections at locations along the crack front and (2) in-
cludes the absolute thickness effect predicted by extreme value statistics on fracture tough-
ness, with the actual thickness B replaced by an "effective" thickness, Beft When the stress 
field varies along the crack front, B eff defines that portion of thickness over which stresses in-
crease to cleavage triggering levels. For non-side grooved SE(B)s, values of B eff/B lie in the 
range of 0.4-0.8 with a dependence on the a/W, W /B ratios and material flow properties. Per-
haps surprisingly for specimens with side grooves, B eff/B exceeds slightly the value for the cor-
responding plane-sided specimen even though the front length decreases by 20%. The exten-
sive numerical analyses performed here provide a representative set of solutions to support 
this approach for interpretation of experimentally measured J c values. 
2. Descriptions of Constraint and Statistical Effects 
Innovative approaches have evolved over the past five years to quantify constraint and to de-
scribe the effects of constraint variations on macroscopic (engineering) fracture toughness 
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characterized by J, or equivalently the crack tip opening displacement, CTOD (0). We consider 
two related lines of investigation: (1) extensions of traditional fracture mechanics which 
employ J and a scalar (triaxiality) parameter to describe the elastic-plastic, near-tip fields; 
fracture toughness for a material takes the form of an experimentally measured toughness lo-
cus expressed by J and the second parameter, and (2) models motivated by the specific micro-
mechanism of trans granular cleavage; often referred to as local approaches, these models pre-
dict the toughness locus from the experimental results for a small number of key fracture tests. 
A complete model representative of this second approach requires treatment of absolute thick-
ness effects caused by random metallurgical variations-microstructural flaws along the crack 
front; most often extreme value statistics are adopted for this purpose. 
The most widely cited examples of the first approach include, in order of increasing general-
ity: (a) the higher--order, asymptotic expansion of crack-tip fields as developed by Xia et al. [67] 
and Chao et al. [10,68] following earlier work ofLi and Wang [31] and Sharma and Aravas [52], 
(b) the J-T methodology developed by Hancock and co-workers [1,6,16], Parks and co-workers 
[42,63,64,65] building upon earlier work by Bilby, et al. [7] and Leevers and Radon [29], and 
(c) the J-Q methodology developed by O'Dowd and Shih [46,47]. Parks [48] provides a critical 
review and assessment of these methodologies. In each one, the J-integral sets the size scale 
over which large deformations and high stresses develop while the additional parameter(s) 
quantifies the level of stress triaxiality at distances of a few CTODs ahead of the tip. Under 
increased loading, each fracture specimen follows a characteristic driving force curve, or trajec-
tory, which defines the evolution of crack-tip deformation (J) and constraint (T, Q7 amplitudes 
of terms in asymptotic expansion). Lines connecting the measured fracture points on these tra-
jectories for specimens tested with varying constraint levels define the toughness locus for the 
material. 
These extensions to the traditional "correlative parameter" form of fracture mechanics be-
come impractical as the number of specimens required to define the toughness locus increases 
and as the range of temperatures increases (each temperature may require a different tough-
ness locus, for example in the DBT region). The second approach offers the potential to alleviate 
this difficulty through a fracture criterion expressed in terms of the near tip strains-stresses 
and the values of critical, microscale material properties. For a fixed set of micro scale proper-
ties, conventional finite element analyses offracture specimens enable development of correla-
tions between macroscopic values of fracture driving force (J) and critical combinations of 
near-tip strains-stresses which satisfy the local fracture criterion. By analyzing various geom-
etries, crack sizes and loading modes (tension us. bending), points on the toughness locus may 
be predicted. 
Early developments in this direction for cleavage fracture include the works of Batdorf and 
Crose [4] and Evans [17] (which postulated a modifed Weibull theory for brittle fracture under 
multiaxial stress states) and the critcal stress-critical distance model of Ritchie et al. [50] and 
Curry and Knott [11]. Subsequent investigators addressed the pronounced effects of 
microscopic material variability on the scatter of macroscopic fracture toughness. Key 
contributions toward the current treatment of macroscopic scatter focus on weakest link 
models. The Beremin group [5] first introduced the Weibull stress as a fracture parameter. 
Mudry extended the approach with plane-strain finite element analyses to include large-scale 
yielding effects on the Weibull stress; size/deformation limits for fracture testing followed from 
deviation of the specimen Weibull stress from small-scale yielding values (refer to comprehen-
sive article by Mudry [40]). Wallin [58,57] followed with construction ofamore general weakest 
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link model and later incl uded the statistical effects of specimen thickness [59], an approximate 
correction for small amounts of ductile crack extension [60] and discussion constraint loss 
effects on cleavage fracture toughness [61,62]. Bruckner-Foit, et al. [9] concluded from 
partially successful attempts at experimental validation that coupling of thickness and 
in-plane effects on the crack front stresses plays a key role in the applications of the weakest 
link approach. Minami, Bruckner-Foit et al. [36] and Ruggieri et et al. [51] included these 
effects to predict the toughness distributions across different specimen geometries. Paralleling 
these more recent efforts, Dodds and Anderson [14,2] proposed the so-called "toughness scal-
ing" methodology which provides a direct means to assess the effects of constraint loss on cleav-
age fracture toughness (Jc ) without explicit reference to a statistical argument or a triaxiality 
parameter. Numerous local-type approaches for initiation of ductile tearing (Jrc) and R-curve 
behavior have been proposed; however, they are not germane to the present discussion of cleav-
age fracture in the DBT region. 
To examine 3-D effects on SE(B) and C(T) specimens in the present work, we adopt the J-Q 
methodology from the first approach and the toughness scaling methodology from the second 
approach. The following sections outline very, briefly the central points of each methodology; 
• Dodds, et al. [15] provide more complete descriptions. We then outline a proposed extension of 
the toughness scaling methodology for 3-D configurations which incorporates both constraint 
loss and statistical effects on cleavage fracture. 
2. 1 J-Q Theory 
The J-Q description of Mode-I, plane-strain crack tip fields derives initially from consider-
ation of the boundary layer model for small-scale yielding (SSY). Crack-tip stresses for linear 
elastic conditions have the form [66] 
Kr 
0·· = -- +··(8) + To1·0 1· u j2Jrr IU L J (1) 
Here rand 8 are polar coordinates centered at the crack tip with 8 = 0 corresponding to a line 
ahead of the crack and Kr = jEJ /(1 - v2) where J denotes Rice's J-integral [49], E is Young's 
modulus and v is Poisson's ratio. Crack tip fields differing in stress triaxiality are generated 
by varying the non-singular stress, T, parallel to the crack plane (which does not affect the val-
ue of J). In the computational model for SSY, the conditions defined by Eq (1) are imposed incre-
mentally on the remote outer boundary of a symmetrically constrained, semi-circular mesh of 
elements focused on the crack tip. 
O'Dowd and Shih [46,47] employed asymptotic analyses and detailed finite element analy-~ 
ses to propose the approximate two-parameter description of the crack tip fields which applies 
under small and large-scale yielding conditions 
(2) 
The dimensionless second parameter, Q, in Eq. (2) defines the amount by which 0ij and Gijin 
fracture specimens differ from the adopted SSY T=Q=O reference solution at the same ap-
plied-J. For non-zero values of the T-stress, Q exhibits a simple (unique) dependence on Tin 
SSY that varies only with the material flow properties [47]. 
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To a good approximation, O'Dowd and Shih showed that Qa 0 represents the difference in 
hydrostatic stress over the forward sector ahead of the crack tip between the SSY T=O and frac-
ture specimen fields, i.e., 
au = (aij)SSY;T=O + QaOo1Plj; I e I <~, J/oo < r < 5J/ao . (3) 
Operationally, Q is defined by 
aee - (aee)sSy.T=O Q= ' 0 0 ' 
at e = 0, r = 2J /00 (4) 
where the specimen stresses (oee)in Eq (4) are evaluated from finite element analyses contain-
ing sufficient mesh refinement to resolve the fields at this length scale (where the fracture spec-
imen and SSY are loaded tol the same J). No restrictions are imposed on material flow proper-
ties, e.g., a Ramberg-Osgood representation. Large geometry changes may be included al-
though values of Q derived from small geometry change analyses prove satisfactory in applica-
tions which make use of stresses outside the near-tip blunting region. 
At low deformation levels, fracture specimens experience SSY conditions and Q remains 
very nearly zero (Q and Tare uniquely related under SSY, and Tvaries linearly with K 1). Once 
large-scale yielding conditions prevail, hydrostatic stresses at the crack tip are substantially 
less than those in SSY T=O at the same J-value. This difference produces negative Q values 
once the specimen deviates from SSY conditions. For deeply notched SE(B) and C(T) speci-
mens, the elastic T -stress is positive and thus Q takes on slightly positive values at low de-
formation levels before constraint loss occurs. 
For 3-D, Mode-I configurations, we argue that near-tip fields at locations sufficiently far 
from external surfaces approach the form ofEq. (2) as r ~ 0 . The use ofEq. (4) provides Q val-
ues at locations (x 3) along a 3-D crack front using local J-values and stresses in planes perpen-
dicular to the crack fron t. AI ternatively, the direct interpretation of Q as the hydrostatic (mean) 
stress suggests a definition in 3-D as 
_ °kk - (okk)SSY;T=O 
Qm = a ' o 
at e = 0, r = 2J /00 . (5) 
Previous studies by Faleskog [18] and Dodds, et al. [15] demonstrate the negligible differences 
between Q and Qrr. for through-crack and surface crack configurations. 
2.2 Toughness Scaling Model for Cleavage 
Dodds and Anderson [2.14] quantify constraint effects on fracture toughness by coupling the 
global fracture parameter tJ c) with a near-tip failure criterion applicable to transgranular 
cleavage. They adopt the material volume ahead of the crack front over which the normalized 
(maximum tensile.' prinCIpal stress, 0 1/00, exceeds a critical value, ac, as the local failure crite-
rion. For the same material/temperature combination, attainment of equivalent stressed vol-
umes ahead of the crack front in different specimens implies the same probability for triggering 
cleavage fracture. This model leads immediately to a weakest-link interpretation but a more 
general interpretation as a stress-controlled mechanism seems plausible. The "toughness 
scaling" aspects of the model arise from its often expressed form of (see [15]) 
(6) 
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where Ao denotes the area enclosed within the principal stress contour a 11ao = ac for an ap-
plied J = J o in the SSY T=O boundary layer model (plane-strain, unit thickness). AFB denotes 
the enclosed area for the same contour in a (plane-strain, unit thickness) fracture specimen 
loaded to J = J FB . In applications, J FB takes on the measured value at fracture, J c, with AFB 
estimated from finite element analyses or the J-Q description of the near-tip stresses. Cata-
loged solutions for SSY T=O using the material flow properties provide the unique ratio 
Aoa~c~/J~ for each value of ac. By setting Ao == AFB in this expression, J o is found and used 
to compute the scaling ratio J FBI J 0 for each loading level and for a range of principal stress 
values. The ratio quantifies the effects of "in-plane" constraint variations on cleavage fracture 
toughness. A critical value of J 0 represents the fracture toughness of an infinitely large speci-
men (SSY T=O); JFBIJo > 1 implies that the specimen has experienced a constraint loss that 
causes the commonly observed increase in measured fractured toughness. 
Computational studies of SSY with T;:: 0 and of various fracture specimens often reveal a 
noticeable independence of the JFB/JO ratio on the selected ac (which must be sufficiently 
large, e.g., > 2, so that the contour lies entirely in the forward sector and in the plastic zone). 
The J-Q description of the principal stresses implies that the shape ofprincipal stress contours 
is maintained while the relative magnitude of the contours varies directly with the hydrostatic 
stress Qa o. This similarity of principal stress contours prevails only to the extent that the 
approximate J-Q description of the crack tip stresses remains valid. At very large-scale yield-
ing, particularly for specimens subjected to severe global bending, the similarity breaks down 
and JFBIJo varies strongly with ac. 
2.3 Extensions for 3-D Configurations Including Statistical Effects 
Experimental results and metallurgical models for cleavage in ferritic steels demonstrate an 
absolute thickness effect on fracture toughness not related to constraint [45]. Metallurgical 
variations in the material and the random incidence of microstructural flaws along the crack 
front require a statistical treatment of thickness in experimental fracture toughness data. Wal-
lin [57,62] employs extreme value statistics to derive a three-parameter Weibull correction for 
fracture toughness data in specimens having a common alWbut different thickness (B C1 ) and 
B (2)) which fail by cleavage without previous ductile tearing, 
(7) 
where K min denotes the threshold toughness of the material for an infinitely long crack front. 
Recasting Eq (7) in terms of J yields, 
(8) 
where the J equivalent of Kmin has been neglected as a small term; it has little effect on the 
cumulative Weibull distribution. The development ofEqs. (7,8) assumes that each point along 
the crack front experiences the same local J-value and corresponding SSY stress field. Conse-
quently, the correction reflects different volumes of material sampled along the crack front due 
only to thickness differences. Because the failure of a weak metallurgical defect controls cleav-
age fracture, fracture toughness decreases with increasing probability (thickness) offinding 
a defect. 
In common fracture specimens, however, J and the near-tip stresses vary (often strongly) 
along the crack front under increased loading, with stresses decreasing below SSYvalues due 
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to constraint loss. Specimen thickness, planar dimensions, crack size and material flow proper-
ties interact in a complex manner under increasing plastic deformation to govern the intensity 
of crack front stresses. Consequently, straightforward applications ofEqs. (7,8) beyond propor-
tionally sized specimens appear reasonable only for restricted combinations of low deforma-
tion, large specimens and moderate-to-strong strain hardening. 
Motivated by the above discussion, we propose a 3-D form of the toughness scaling model 
which reflects both the statistical effects of volume sampling due to thickness differences and 
the constraint loss on crack-front stress fields due to large-scale yielding. At a given loading 
level (J), consider a specific principal stress contour, al/ao = oc, that encloses the tip at each 
location along the crack front. Let A(s,oc) denote the area enclosed by the contour which lies 
in the principal normal plane to the crack front at location s along the front. At location 
S = Smax, the enclosed area attains a maximum value Amax == A(smax,oc). The volume of mate-
rial along the crack front over which the principal stress exceeds Oc is given by (for a straight 
crack front) 
J
B / 2 
V(oc) = A(s,oJ ds . 
-B/2 
(9) 
We suggest replacing the actual specimen thicknesses appearing in Eq. (8) with effective thick-
nesses, Beff= VIA max, which quantify the actual portion of specimen thicknesses over which 
crack-front stresses reach levels sufficient to trigger cleavage. As shown in a later section, 
Amax occurs on the midplane ofSE(B) and C(T) specimens except a shallow crack, SE(B) with 
B = W. Moreover, the front location at which Amax occurs has the maximum "in-plane" 
constraint, and the ratio BefflB defines the equivalent fraction of the specimen thickness sub-
jected to that constraint level. We show that B effl B decreases from near unity under linear elas-
tic conditions, for plane-sided specimens, to a nearly deformation independent value once 
large-scale yielding conditions prevail. Moreover, BefflB remains reasonably insensitive to a 
range of realistic ac values. The BefflB ratio varies significantly with W IB for fixed alWand 
material strain-hardening characteristics; the ratio decreases with increasing WI B while 
greater amounts of strain hardening elevate values of B efflB. Still other analyses examine the 
effects of side grooves on B effl B in C(T) and SE(B) specimens. 
To accommodate the potentially strong influence of constraint loss from "in-plane" effects, 
we suggest replacing J c - O ) in Eq. (8) with JO(Jc - CI ))' where computation of J o follows the 2-D 
model of Eq. (6) with AFB == A max' A measured toughness value, J c, is then constraint and 
thickness corrected to a SSY condition with a convenient reference thickness (B = B ref) using 
the modified form of Eq. (8) 
(10) 
The quantity Brefmay be a~igned a convenient value of25 mm for SI units or 1 in. for English 
units. The corrected set of J 0 values from different specimens are then given equal weight.in 
further statistical treatments of toughness values to define, for example, confidence bounds. 
Key features of the model include the reasonably strong independence of B effl B and J o(Jc) on 
the selected ac for low constraint specimen configurations in most need of the correction. In 
deep notch SE(B)s and C(T)s, SSY conditions often exist on the midplane at fracture and only 
the effective thickness correction is require~ For these specimens, B effl B remains reasonably 
independent of ac. Finally, given a value of J 0 for the material, the corresponding Jc-value for 
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a specific fracture specimen may be computed using the reverse of the process described above; 
the B eft/ Band J o(Jc) corrections must be known for the fracture specimen. In principle, the 
concept of B effcan be extended to correlate surface crack and through-crack configurations al-
though the finite element modeling and post-processing require considerable effort to evaluate 
the integral in Eq. (9) for the surface crack geometry. 
3. Computational Procedures 
3.1 3-D Finite Element Models 
Figure 1 shows typical finite element models constructed for the 3-D analyses of SE(B) and 
C(T) specimens. Reflective symmetry about the crack plane (x2 = 0) and the longitudinal mid-
plane (x3 = 0) enable the use of one-quarter models as indicated. Each model has a straight 
crack front defined along xl = x2 = 0, 0 :5 x3 :5 B/2. The meshes consist of 8-node, hexahe-
dron isoparametric elements arranged into 14 variable thickness, planar layers; the thickest 
layer being defined at x3 = 0 with much thinner layers defined near the free surface 
(x3 = B/2) to accommodate strong x3 variations of the field quantities. Within each layer, 40 
focused rings of elements enclose the crack front. The size of each ring increases gradually with 
radial distance (r) from the crack front, where r = (xi + x~)1/2. In the angular direction, 
e = tan -1(x2/x 1), 4 equal sized elements are defined over 0 :5 e :5 n/4 with 6 equal sized ele-
ments defined over n/4 :5 e :5 n. The innermost ring of elements incident on the crack front 
contains 8-node hexahedrons collapsed into wedges with initially coincident nodes along the 
crack front left unconstrained to permit blunting deformations. In each layer, these models pro-
vide a level of mesh refinement comparable to those constructed for previous plane strain anal-
yses (see, for example, [1,14,46,47]). Typical 3-D models for the SE(B) and C(T) specimens con-
tain 6500-8500 elements. 
The analysis matrix includes plane-sided SE(B) specimens with a/W = 0.1 and 0.5, 
W/B = 1,2,4 and plane-sided C(T) specimens with a/W = 0.6, W /B = 1,2,4. To investigate the 
potential effects of 20% side grooves (10% each side) on standard W /B = 2 configurations, we 
analyze three specimens: a C(T) having a/W = 0.6 and SE(B)s having a/W = 0.1 and 0.5. As in-
dicated in Fig. l(b), side grooves are introduced by releasing the x 2 constraints on the affected 
crack-plane nodes and then translating nodes in the outermost 4 layers of elements by re-
quired distances in the x2 direction; the notch radius of the side groove is not modelled. 
These 3-D models represent a compromise between the required level of mesh refinement 
to resolve the in-plane and through-thickness gradients of the stress fields and the extensive 
computation (CPU) times required for each analysis. Convergence studies with fewer elements 
in the thickness (x 3) direction yielded unsatisfactory results as did analyses with fewer ele-
ments over the depth (llJ in the SE(B) specimens. The reduced angular increment of element 
size over 0 :s e :s ."7/4 also reflects the outcome of preliminary analyses which revealed insuffi-
cient resolution of the principal stress contours in the Xl - x2 plane. 
3.2 Constitutive ModeJ 
The material model em ploys deformation plasticity theory (J 2 nonlinear elasticity) in a conven-
tional small geometry change (SGC) setting. The SGC and large geometry change (LGC) as-
sumptions provide consistent descriptions of the crack front stress fields at distances outside 
the finitely deformed, blunting zone having a peak stress at r = J /00 [34,53]; cleavage frac-
tures most often originate over distances at or beyond the peak stress location predicted by the 
LGC analyses [20,35]. 
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The uniaxial (tension) stress-strain curve follows a linear then power-law model given by 
(11) 
where Co and 00 define limits for the initial linear portion of the response. A small transition 
region eliminates the discontinuous tangent modulus at c = co; nonlinearity of the a - c curve 
actually begins at c = 0.95co- The transition region significantly enhances the convergence 
rate of the global Newton iterations. Wang [65] provides additional details of this constitutive 
model. Computational results are presented for a strongly hardening material (n = 5) charac-
teristic of civil and marine structural steels, for a moderately hardening material (n = 10) char-
acteristic of many pressure vessel and pipeline steels and for a very low hardening material 
(n=20). All computations use E/ao = 500 and Poisson's ratio v = 0.3. 
3.3 Solution Procedures 
Finite element results were generated with the vectorized research code WARP3D [28] which 
employs an incrementally-iterative Newton procedure to resolve the nonlinear equilibrium 
equations. The code solves the linearized equilibrium equations at each iteration with an effi-
cient implementation of the element-by-element, linear pre-conditioned conjugate gradient 
(LPCG) method which eliminates assembly of the large tangent-stiffness matrix [22,23]. The 
code architecture based on the LPCG solver reduces both solution runtimes and real memory 
requirements significantly below those for conventional codes using direct solvers. 
Figure 1 indicates the loading arrangement for the SE(B) and C(T) models. A typical analy-
sis uses 25-30 load increments to generate the complete response with 3-4 Newton iterations 
for convergence within each step to a tight tolerance on residual nodal forces. Numerical re-
sults were generated on Cray-90 and Convex supercomputers. A 9300 node, 7700 element 
model requires 40-70 seconds of CPU time for solution of a load increment on the Cray-90 us-
ing a single processor. 
The conventional8-node, hexahedron element exhibits severe volumetric locking under in-
compressible plastic deformation. The V/ARP3D code adopts the B modification suggested by 
Hughes [21] to alleviate the locking behavior. Volumetric terms of the strain-displacement 
relationship at each of the 2 x 2 x 2 Gauss points are replaced with a "mean-dilatation" set of 
volumetric terms which yields a uniform mean stress over the element (Nagtegaal, et al. [41]). 
The local energy release rate for Mode I crack extension at each point s along the front is 
given by [37,38] 
J! a1(5) = limJ[curnl-ai'J°aaUinJo]dT 
.ex T-O Xl 
(12) 
T 
where C'w denotes the strain-energy density, r is a vanisr.tingly small contour in the principal 
normal plane at 5, n is a unit normal vector to T, aU and u i are Cartesian components of stress 
in the crack front coordinate system. For two-dimensional configurations modelled with a non-
linear elastic material, the above expression simplifies to the conventional J-integral for Mode 
I [49]. In the present analyses, numerical evaluation ofEq. (12) is accomplished with a domain 
integral method [30,54] as implemented in WARP3D. The resulting formulation provides 
pointwise values of J across the crack front and the thickness-average value (Javg) at each 
loading level. As shown in the next section, the thickness average values agree very well with 
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J-values computed from the finite element load-displacement curves using a conventional en-
ergy separation procedure. 
3.4 SSY Boundary Layer Models 
The SSY reference fields required for Q and JFBIJo computations are obtained from plane-
strain, finite element solutions of the modified boundary layer model of an infinite body, single-
ended crack problem [1,24]. Displacements u i of the elastic, Mode I field are applied to the outer 
boundary of a semi-circular region containing an edge crack as illustrated in Fig. 2(b) 
u(r,e) = Krl E v ~cOS(!)(3 - 4v - cose) + Tl iv2rcose (13) 
( e) K 1 - v !I.. . (e)( ) T v(1 + v) . v r, = I~V 2n S1n '2 3 - 4v - cose - E rSlne (14) 
where r is the radial distance from the crack tip, Kr = jEJo/(l - v 2) and Tis the stress paral-
lel to the crack. Kr and T alone control the stress state in the near vicinity of the crack tip under 
SSY conditions. For consistency with the J-Q methodology, we choose the highly constrained, 
T = 0 configuration for the reference field. 
Figure 2(a) shows the opening mode stresses on the crack plane. For convenience in post-
processing the 3-D finite element solutions, continuous functions are constructed to fit the SSY 
stresses which take the form 
(15) 
and a,j3, yare curve fitting parameters. The table included in Fig. 2(a) lists the values of these 
parameters for n = 5, 10 and 20. These fits apply for all Elao ratios (recall that the similarity 
length-scale of the HRR fields is ;. as defined above). Figure 2(b) shows the corresponding areas 
within a range of principal stress contours enclosing the crack tip. Again, continuous functions 
are constructed to fit the SSY contour areas w:bich have the form 
fA 2 2\ 2 3 4 
- oa OC 0 / a 1) (a 1 \ I a 1 \ I a 1 \ 
A = loglO~ Jg ) = Ho + Hl~ao + H2 ao) + H3~ao) + H4~ao) (16) 
The table included in Fig. 2(b) lists the values of the fit parameters H 0 ~ H 4 for n = 5, 10 and 
20. By including E5 in the normalizations ofEqs. (15,16) as indicated, the fits apply for all E/ao 
ratios (this is readily verified by integrating the area enclosed within the maximum principal 
stress contour as defined by the HRR field). 
4. Results and Discussion 
The following sections provide selected key results of the extensive numerical analyses con-
ducted on the SE(B) and C(T) specimens. Where possible, tables of numerical values summa-
rize the complete range of cases modeled (n = 20 results are included in tables but not in 
graphs). The presentation begins with descriptions of conventional fracture driving force mea-
sures, J and CTOD, including new values for the non-dimensional rJpl factors needed to com-
pute J from measured experimental quantities. Constraint variations in planes perpendicular 
to the crack front are then characterized in terms of J-Q trajectories and the toughness scaling 
model. The section concludes with development and study of the BettlB ratios required for ap-
plication of the proposed 3-D toughness scaling model. 
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4.1 Global Response: J and CTOD Distributions Over the Crack Front 
Figure 3(a) shows the computed load-crack mouth opening displacement (CMOD) relation-
ships for three W IB ratios of the deep notch SE(B) geometry (n = 10). The figure also includes 
the corresponding plane-strain solution for reference and the 3-D solution for a specimen with 
WIB=2 having 20% side grooves. Not surprisingly, the WIB= 1 configuration most closely 
matches the plane-strain response. With the full thickness B used for load normalization, the 
response for the side groove specimen falls just below that for the WI B = 2 plane-sided speci-
men. We found identicalload-CMOD trends for the deep notch SE(B) with n = 5 and a some-
what smaller effect of the W IB ratio on the response for the shallow notch SE(B) specimen 
(aIW=O.I). 
Experimentalists most often estimate J-values using the expression (see Chp. 7 of [3]) 
K¥(1 - v2) Upi 
J = J el + J pI = E + rJ pI bB (17) 
where J el and J pl denote the elastic and plastic contributions to J and Upi defines the (unrecov-
erable) plastic work of the applied load. The non-dimensional plastic "eta" factor, rJ pI' describes 
the effect of plastic work normalized by the ligament area on the applied J. For deep notch 
SE(B)s, testing standards prescribe a value of 2.0 for rJ pZ. Kirk and Dodds [26] generated an 
extensive set of rJ pZ values using plane-strain analyses of SE(B) specimens for a wide range of 
alW ratios and hardening properties. For alW < 0.2, they find rJ pl to be much less sensitive 
to the hardening properties when Upz is computed from CMOD rather than load-line displace-
ment. 
Table 1 summarizes a comprehensive set of rJ pZ values derived from the present 3-D analy-
ses of SE(B) and C(T) specimens including the side-groove models. Figure 3(b) illustrates the 
computational procedure to compute the rJ pZ values. At each load increment, the domain inte-
gral computations produce a thickness average J-value and a J-value at selected locations 
across the crack front. Using KI computed from a 3-D elastic analysis of the specimen, the J eZ 
term is computed as defined in Eq. (17) and then subtracted from domain integral J-values 
leaving Jpz. The plastic work term, Upl' at each load increment follows from direct evaluation 
of plastic work done by the applied loads acting through the nodal displacements. The J pl and 
Upl terms are normalized and plotted as shown in Fig. 3(b). The strong linear relationship pres-
ent in Fig. 3(b) holds across all configurations and hardening properties. Linear regression 
then yields the rJaug value to compute the thickness average J and the rJmax value to compute 
the maximum J-value over the crack front. Table 1 includes rJ pI values for Upl based on plastic 
load-line displacement (~LLD-pl) and on plastic CMOD (~CMOD-pl'); ~LLD-pl taken from the 
finite element solution corresponds to the value measured by a comparator bar apparatus. In 
deep notch SE(B) and C(T) specimens, rJpz values for the thickness average J agree well with 
those found in the earlier plane-strain analyses and with those currently prescribed in testing 
standards; a minimal effect of strain hardening is observed. The 3-D rJ pl values based on 
~LLD-pl for shallow notch SE(B)s again reveal =20-25% variation over the hardening range 
n = 5 ~20, while the rJ pI values based on D..CMOD _ pl show only = 4-5% variation. 
Figures 4 and 5 show the distributions of J over the crack front under increasing load levels 
for selected configurations, with values at each front location normalized by J at the midplane. 
The thickness average value, denoted J aug, describes the load level for each cu..rve. The de-
formation levels range from SSY to beyond plastic hinge formation. Figures 4 (a,b) show the 
front distributions for the shallow notch SE(B) with W IB = 2 and two hardening levels (n = 5, 
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10). The maximum J occurs at the midplane, with a gradual transition from the nearly uniform 
front response in SSY to an essentially constant, relative distribution once a plastic hinge 
forms. Increased strain hardening promotes a slightly more uniform front distribution. The 
distributions for all deep notch, plane-sided SE(B) specimens follow those shown in Figs. 4 
(a,b). The J distributions for the shallow notch with W IB = 1, shown in Figs. 4 (c,d), differ from 
all other plane-sided configurations analyzed; the maximum J occurs not at the midplane but 
nearer the outside surface. Koers et al. [27] report a similar J distribution which is attributed 
to anticlastic bending effects not present in configurations with larger aspect ratios. The rJpl 
values in Table 1 (rJmwJ to compute a maximum front J for this configuration refer to the 
x3/(B 12) = 0.53 location. As shown in the next section, this location on the front maintains the 
highest constraint level. 
Figure 5 shows distributions of J across the crack front for a plane-sided and a 20% side-
grooved C(T) specimen. The plane-sided distribution follows closely those for the deep notch 
SE(B) specimens. For the side-grooved specimen, the distributions at SSY load levels peak 
near the the root of the side groove; at LSY levels, the distribution becomes nearly uniform over 
the front. DeLorenzi and Shih [13] report crack front distributions obtained with coarse models 
which exhibit very similar trends to those shown here. 
Typical distributions of CTOD values, as defined by the 45° intercept method, are shown 
in Fig. 6 for the deep and shallow notch SE(B) specimens. The deep notch CTOD distributions 
follow the same trend as the J distributions with peak values at the center and values = 50% 
lower near the outside surface. For the shallow notch specimens, peak CTOD values occur at 
midplane under SSY conditions and at the outside surface under LSY conditions. This same 
trend is observed for WI B = 1, 2, and 4 for all hardening exponents with largest outside to mid-
plane ratio for n = 5, W IB = 1. The falling J-values coupled with increasing CTOD values at 
the outside surface imply a very low m-factor in the relation JZocaZ = mo/Zowo locaZ. Table 2 sum-
marizes the m-factors obtained from the 3-D analyses. These m-factors describe the relation-
ship between the local CTOD and local J-values at the midplane location of the crack front ex-
cept for the SE(B)s having a IW = 0.1, W IB = 1; for these specimens, m-factors are given for the 
midplane and x3/(BI2) = 0.53 locations. 
4.2 Crack Front Stress Triaxiality: J-Q Trajectories 
Figures 7-9 provide descriptions of crack front constraint in terms of J-Q trajectories. Figures 
7 (a) and (b) show the J-Q trajectories generated under increased loading at locations over the 
crack front for plane-sided, deep and shallow notch SE(B) specimens having W IB = 1 and 
n = 10. In these figures, Q is defined by Eq. (4) at the normalized distance ahead of the crack 
front given by rl(JZocaz/°o) = 2. However, we plot the evolution ofQ values against specimen 
deformation described by J aug rather than JZocaZ' where J aug represents the value that would 
be reported from experimental work using a plastic 1J-factor. For the deep notch in Fig. 7(a), 
Q-values are positive at low loads (corresponding to the positive elastic T-stress for this geom-
etry) except near the outside surface. Over the center portion of the specimen thickness, SSY 
conditions (Q;;::: 0) exist strictly for deformation levels b > 140Jaugloo, where b denotes the re-
maining ligament length; at larger deformations Q takes on negative values. The plane-strain 
result for this configuration shown in Fig. 7(a) indicates constraint loss at lower-levels of de-
formation, b > 170J lao. Q-values at various distances ahead of the tip on the midplane, see 
Fig. 7(c), show steadily increasing radial dependence under increasing load which reflects the 
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strong gradient of the bending field acting on the small remaining ligament. All deep notch 
SE(B) and the C(T) specimens exhibit similar levels ofQ dependence on r at large deformations. 
In Fig. 7(b), Q-values forthea/W= 0.1 configuration reveal an immediate loss of constraint 
upon loading. Crack front locations maintaining highest constraint are x3/(B /2) - 0.3-0.68 
rather than at the midplane for all other configurations examined. Strong anticlastic bending 
in the square cross-section contributes to this different behavior. The plane-strain result 
agrees reasonably well with the 3-D analysis over this portion of the crack front. Fig 7(d) dem-
onstrates the much stronger radial independence of Q-val ues for the a /W = 0.1 configuration. 
The global bending field impinges less strongly on the crack-tip fields in the shallow notch ge-
ometry. However, no practical size/deformation limit exists to maintain SSY conditions in this 
specimen; constraint loss occurs upon initial loading. 
Figure 8 provides additional J-Q trajectories for SE(B) specimens showing the effects of 
W /B and a/W ratios, strain hardening and side grooves. In each case, the trajectories are 
shown for the crack front location having maximum constraint (least negative Q values) with 
Q given by Eq. (4). This location corresponds to the midplane in all configurations except 
a/W = 0.1, W IB = 1. Examination of these results leads to the following observations: (1) the 
deep notch W IB = 1 and 2 trajectories are nearly identical for n = 10 with a somewhat larger 
difference for n = 5; (2) side grooves in the W IB = 2 deep and shallow notch configurations pro-
vide small increases of constraint on the midplane at high deformation levels and have insignif-
icant effect early in the loading; (3) deep notch specimens having W /B = 4 show a severe 
constraint loss on the midplane upon initial loading while the relative effect in shallow notch 
configurations is much less severe; (4) all of the shallow notch J-Q trajectories fall within a 
relatively narrow band of very low constraint; (5) strain hardening variations from n = 5~ 10 
have a small effect on the 2-D and 3-D J-Q trajectories at higher loads-for a specified J-val-
ue, reduced hardening does make Q more negative. Further examination reveals that strain 
hardening influences the J-Q trajectories most strongly at low-to-moderate loads. The trajec-
tories for n = 10 derived using Q at r= 1 and 2 x J /00 remain identical under increasing load 
to Javg/boo = 0.01 while the trajectory for n = 5 derived using Qat r= J /00 matches the n = 10 
curves to these loading levels; the n = 5 trajectory derived using Qat r = 2J /0 a falls below these 
others. Figures 8 (a) and (b) show this effect as the Q values in these figures are defined at 
r=2J/oo· 
Figure 9 provides J-Q trajectories for deep notch C(T) specimens. These results lead to the 
following observations: (1) side grooves have a slight effect of lowering constraint at high load 
levels on the midplane, see Fig. 9 (a); (2) side-grooves increase constraint significantly at other 
front locations relative to the plane-sided specimen, compare Figs. 9 (b) and (d); (3) strain hard-
ening affects constraint somewhat for the standard W / B = 2 specimen at high loads with a larg-
er effect for the thin specimen W /B = 4; (4) SSY conditions exist strictly for deformation levels 
b > 100Javg/oo in the standard W/B=2 configuration. The increased elastic T-stress of the 
C(T) specimen relative to the deep notch SE(B) specimen leads to the 25% increase in deforma-
tion before SSY conditions breakdown; f3 = T/iW/Kr=0.58 for the C(T) with a/W=0.6 
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4.3 Crack Front Stress Triaxiality: Toughness Scaling Model 
Figures 10-13 provide descriptions of crack front constraint for plane-sided, deep and shallow 
notch SE(B) specimens in terms of the toughness scaling model for the practically important 
cases ofW /B = 1,2 and n = 5, 10. Figures 14-15 provide similar results for plane-sided (n = 5, 
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10) and side-grooved (n = 10) C(T) specimens having ajlXf = 0.6. Results for the sid~grooved 
SE(B) specimens do not provide additional insight and are omitted to conserve space. 
D sing the previous J-Q trajectories for guidance, we construct the scaling model for a range 
of ac values at crack front positions of maximum constraint for the SE(B) specimens in Figures 
10-13 (a), (b). Maximum constraint occurs on the midplane for all configurations except 
W jB = 1, ajW = 0.1 (maximum constraint at x3/(B /2) =0.3-0.65 with numerical results given 
here at 0.53). Each figure also includes the result at a ac value obtained from the plane-strain 
analysis of the specimen. The 3-D J a-values are computed from (local) J max-values at the 
crack front location using the procedures described in Section 2.2 and Eq. (6). However, to con-
nect more directly with experimental work, the abscissa expresses specimen deformation in 
terms of J aug rather than J max, where J aug represents the conventional J-value reported using 
a plastic 1J-factor. A ratio of plastic 1]-factors, 1] pl- max/1] pl" computed using values shown in 
Table 1 provides a very good approximation for Jmax/Jaug. For strain hardening n = 5, we con-
sider ac values over the range 3.5-4.5 to maintain principal stress contours within a distance 
of 6-8 x CTOD on the crack plane but outside of the blunting region of 1-2 x CTOD (our FE 
analyses do not model the LGC of blunting so we exclude contours that would lie inside this 
region). For the lower strain hardening material, n = 10, ac values must be in the range 2.6-3.6 
to meet these requirements. For reference, the LGC analyses of SSY predict peak stresses of 
4.400 for n = 5 and 3.600 for n = 10 [15,46]. Fractographic studies confirm that cleavage initia-
tion sites rarely occur at distances from the crack front greater than 6-8 x CTODs or at loca-
tions deep within the blunting region [20,35]. 
Figures 10-13 (c), (d) examine more directly the dependence of the scaling model on the 
range of principal stress ratios, ac, applicable for the specified levels of strain hardening; part 
(c) is constructed from part (a), and part (d) from part (b) in each case where Jaug/Ja is given 
by the inverse slope of a line from the origin to each point on the curves. 
All deep notch SE(B)s show a strong dependence on ac once large-scale yielding conditions 
prevail but with a smaller dependence for the high hardening (n = 5) material. Strain harden-
ing has a much greater (relative) effect on the toughness scaling model than on the J-Q trajec-
tories once SSY breaks down, i.e., for SE(B)s with lower hardening materials, large increments 
of applied J are needed to produce small changes in J o-values. The dependence of the scaling 
model on ac at very large deformations makes applications to correct for constraint loss in deep 
notch SEB(s) questionable; although it appears for moderate-to-high hardening materials 
that useful engineering approximations are possible at deformation levels in the range 
Javg/boo = 0.01-0.015. In Fig. 10 (c), for example, at Jaug/boo = 0.01, Jaug/Jo varies from 1.5 
to 1.0 over the range of ac). The scaling model clearly maintains sufficient independence of ac 
early in the loading to support proposals for size/deformation limits (b > MJaug/oo) to insure 
SSY conditions at fracture although the gradual loss of constraint introduces some subjectivity 
into this process. Consider the n = 10 and 5 solutions in Figs. 10 (c) and 12 (c) for W /B = 1 and 
allow a mean deviation from strict SSY of J aug/ J 0 = 1.1 over the range of ac values; M has the 
values of 85 for n = 10 and 35 for n = 5; we adopt the notation M 1.1 to denote these deformation 
limits. By allowing Jaug/Jo to reach 1.2, M1.2=60 for n= 10 and 25 for n=5. Table 3 summa-
rizes similar evaluations of M for all deep notch SE(B) analyses with the plane-strain values 
included for reference. M values for the 3-D analyses are seen to be substantially more gener-
ous (smaller) for fracture testing than the M = 200 value derived from the earlier plane-strain 
models of these specimens. The lower M values imply a significantly increased measuring ca-
pacity in terms of J c and CTOD for a given specimen size. 
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For all of the shallow notch SE(B) configurations, applications of the scaling model to cor-
rect for constraint loss appear much more promising with a strong independence on Oc to 
J aug / J 0 ratios approaching 6-7 for n = 10 and 4-5 for n = 5. The plane-strain solutions do a re-
markably good job especially for the n = 5 material and less so for the n = 10 material.. Early 
applications of the plane-strain version of the scaling model in experimental work focused on 
high-hardening materials with W /B = 1, 2 but the relevance of plane-strain modeling clouded 
the conclusions; these 3-D results confirm the applicability of those early plane-strain analy-
ses. 
Figures 14 and 15 show results in the same format for the plane-sided and side-grooved 
C(T) specimens. The C(T)s respond essentially the same as deep notch SE(B)s with very minor 
effects of the side grooves on the scaling model at the midplane. At low deformation levels for 
n = 10, the plane-strain solution overestimates constraint (J 0 too large) while at larger de-
formations it underestimates constraint when comparing scaling curves for the same a c (J 0 too 
small) . For n = 5, the plane-strain solution underestimates J 0 over the complete loading. How-
ever, the plane-strain solution agrees better with the 3-D model for the C(T) specimen than 
for the deep notch SE(B); see for example Fig. 10 (a). Repeating the same procedure outlined 
above to define size/deformation limits (M) for the SE(B), we determine the Mvalues summa-
rized in Table 3 for the C(T) specimens. In all cases, the C(T) specimens have smaller M values 
than for corresponding SE(B) specimens having the same W / Band n which imply the mainte-
nance of SSY conditions to greater levels of deformation. 
4.4 Effective Thicknesses 
Figures 16 (a) and (b) illustrate the evolution under increased load of the areas enclosed within 
the principal stress contour ac = aI/aO = 3 in the deep and shallow notch SE(B) configurations 
for W /B = 1, n = 10. The front location at which Amax occurs has maximum constraint, and we 
propose B ef{given by V / A max, with V from Eq. (9 ), as the effective specimen thickness subjected 
to that same (maximum) level of constraint. Consistent with the J-Q trajectories and the scal-
ing model, Amax occurs on the midplane for all configurations except the shallow crack SE(B) 
with B = W as shown in Fig. 16 (b). 
Figures 16 (c) and (d) show that B eft/ B decreases from near unity under linear elastic condi-
tions to a nearly deformation independent (saturation) value once large-scale yielding condi-
tions develop. Moreover, Beft/B remains reasonably insensitive to a wide-range of ac values 
examined in the computations. The Bett/B ratio varies significantly with W /B for fixed a/W 
and material flow characteristics; the ratio decreases with increasing W /B while greater 
amounts of strain hardening elevate values of B eft/ B. The deformation levels at which B eff/ B 
ratios reach the saturation values are identified closely with the loss of SSY conditions for both 
the deep and shallow notch specimens-compare deformation levels in Figs. 10 (a), (b) at which 
J aug first exceeds J 0 with attainment of saturation values in Figs. (c) and (d). Table 4 provides 
these saturation values of B eff/B, obtained by rough averaging over the ac values, for all speci-
mens analyzed and the approximate deformation levels at which the saturation values are 
reached. 
Effective thicknesses for plane-sided and side-grooved C(T) specimens with ajW = 0.6 and 
n = 10 are given in Fig. 17 (a). Even though the side-grooving process removes 20% of the crack 
front material, the B eft/ B ratios remain very similar (0.53 for SGs us. 0.47 for plane-sided). The 
plane-sided and side-grooved SE(B) specimens with deep notches, as shown in Fig. 17 (b), fol-
low the same trend (0.5 for side-grooved us. 0.45 for plane-sided). These results, when com-
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bined with the previously shown identical scaling model response, suggests there should be a 
minimal effect of side grooves on measured J c values. Experimental programs have reported 
essentially no difference in plane-sided and side-grooved Jc-values over the DBT region in the 
absence of prior ductile tearing (see [19,62] for example data sets). 
Finally, Fig. 18 illustrates the differences introduced in the thickness correction model of 
Eq. (8) through the use of actual thicknesses rather than effective thicknesses. In each configu-
ration, the simple ratio of actual thicknesses appears to undercorrect measured Jc-values, i.e., 
jBeff(1/BeffC2) is greater than jB(1/B C2) by 40% in the extreme case but only by 10% for deep 
notch SE(B)s for an n = 5 material. The difference in using actual us. effective thickness ratios 
increases with the amount of strain hardening and decreases with alW ratio. These compari-
sons apply to fixed planform specimen dimensions and varying thicknesses (W IB). Of course, 
when specimens with fixed a Wand W IB ratios are scaled proportionally, the effective thick-
nesses play no role as Bef{Cl/Beff(2) = jB(l/BC2). Validation of the predictions by the model 
shown in Fig. 18 await applications to experimental data sets generated in the DBT region for 
materials and specimens with these characteristics. 
5. Summary and Conclusions 
An extensive set of nonlinear, 3-D finite element analyses of SE(B) and C(T) specimens per-
formed in this investigation reveal a complex interaction between the geometric ratios, alW 
and W IB, and material hardening properties on the crack front J and stress distributions. The 
analyses provide a new set of plastic 1J-factors for use in experimental work to relate work done 
on the remaining ligament at fracture to thickness average J-values and to maximum (local) 
J-values over the crack front. A corresponding set of 3-D based m-factors is provided for use 
in the conversion between crack front maximum CTOD values and (local) J-values 
(J = maflowo). 
The detailed element meshes enabled evaluation of crack front constraint in terms of J-Q 
trajectories and the toughness scaling model. An extension of the earlier plane-strain version 
of the scaling model is proposed which combines an "in-plane" correction at the crack front 
location of maximum stress triaxiality coupled with a thickness correction derived from ex-
treme val ue statistics applicable for ferritic materials which fail by cleavage in the ductile-to-
brittle transition region. 
For deep notch SE(B) and C(T) specimens, the 3-D analyses demonstrate that midplane 
levels of stress triaxiality are maintained at SSY conditions to higher deformation levels than 
predicted by earlier plane-strain analyses. Equipping the W IB = 2 SE(B) and C(T) specimens 
with 20% side grooves does not significantly alter the midplane stresses but does restore nearly 
uniform stresses at each crack front location such that B effl B for the side-grooved specimens 
slightly exceeds the plane-sided BefflB values. Interpretation of the computational results in 
these forms leads us to three specific recommendations: (1) the sizel deformation limit for 
cleavage fracture in the DBT region in deep notch SE(B) and C(T) specimens having strong-to-
moderate hardening (n = 5-10) should be b > MJclao with M = 25-50 rather than M = 200 as 
previously recommended from the plane-strain analyses; (2) use of the plane-strain form of 
the toughness scaling model overcorrects measured Jc-values for constraint loss-the 3-D 
based correction curves given here should be used; and (3) effective(Beff), rather th:::ln actual 
specimen thicknesses (B), are suggested for use in the statistical correction to accommodate 
the effects of varying W IB, alW ratios and material strain hardening. 
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Table 1. Plastic 1] factors for SE(B) and C(T) specimens 
SE(B), a/W=O.1 
W/B:c-:4 W/B=2 W/B=1 
---. ----_ ... _--. __ ._---_ .•..• -
n=5 n=10 n~:.. 20 n=5 n=10 n= 108G n=20 n=5 n=10 n=20 
LLD: 1] max 1.46 1.75 1.91 1.19 1.40 1.45 1.56 0.968 1.09 1.19 
1] avg 1.21 1.39 1.47 1.07 1.20 1.40 1.28 0.887 0.992 1.07 
CMOD: 1]max 4.31 4.34 4.46 4.08 4.14 4.30 4.27 3.87 3.76 3.80 
1]avg 3.59 3.45 3.43 3.66 3.53 4.17 3.51 3.55 3.41 3.43 
1] P- Strain 3.53 3.45 3.50 
SE(B), a/ W= 0.5 
W/B=4 W/B=2 W/B=l 
l'-:) 
~ 
n=5 n=10 n=20 n=5 n= 10 n= 10 SG n=20 n=5 n=10 n=20 
LLD: 1] max 2.54 2.69 2.78 2.44 2.51 2.61 2.53 2.24 2.18 2.13 
1]avg 1.93 1.90 1.85 1.87 1.84 2.18 1.82 1.89 1.86 1.85 
CMOD: 1]max 3.50 3.69 3.82 3.45 3.53 3.70 3.57 3.20 3.13 3.07 
1]avg 2.65 2.60 2.53 2.64 2.59 3.10 2.57 2.70 2.67 2.66 
1] P- Strain 2.75 2.70 2.69 
C(T), a/ W= 0.6 
W/B=4 W/B=2 W/B=l 
n=5 n=10 n=20 n=5 n=10 n=10 8G n=20 n=5 n=10 n=20 
LLD: 1] max 2.91 3.07 3.19 2.78 2.90 3.01 2.87 2.63 2.59 2.57 
1] avg 2.21 2.16 2.12 2.17 2.17 2.60 2.15 2.27 2.28 2.28 
J = UpJ . _ UpJ 
pJ- max 1] max Bb' J pJ- avg - 1] avg Bb 
Full thickness (8) used in 17 
calculations for SG models L~I from load-line displacement (LLD) or CMOD 
Table 2. m-values for CTOD- ~J relationship: J[ocal = ,na flow() local ; aflow = 1/2(ay + au) 
SE(B), a/ W== 0.1 
W/B=4 W/B=2 W/B=1 
@ x3/(B/2) n=5 n=10 n=20 n=5 n=10 n= 10 SG n=20 n=5 n=10 n=20 
0.0 2.01 1.78 1.60 1.98 1.74 1.73 1.64 1.89 1.60 1.46 
0.53 1.93 1.64 1.50 
P. Strain 1.81 1.53 1.44 
~ SE(B), a/W== 0.5 
~ 
W/B=4 WjB=2 WjB=1 
@ x3/(B/2) n=5 n=10 n=20 n=5 n=10 n=10 SG n=20 n=5 n=10 n=20 
0.0 2.24 2.08 2.01 2.31 2.09 2.06 1.96 2.25 2.04 1.95 
P. Strain 2.05 1.80 1.70 
C(T), a/ W== 0.6 
WjB=4 W/B=2 W/B=1 
@ x3/(B/2) n=5 n=10 n=20 n=5 n= 10 n= 10 SG n=20 n=5 n=10 n=20 
0.0 2.26 2.09 1.94 2.25 2.08 2.08 1.93 2.25 2.11 1.91 
Table 3. Al factors for size/defonnation limit in b ~ MJavg/oo 
SE(B), a/ W== D.E> 
n=5 n= 10 n=20 
M1.0 M1.1 M 1.2 M 1.0 M 1.1 M 1.2 M 1.0 M1.1 M1.2 
W/B = 1 70 35 25 125 85 60 400 145 115 
W/B = 2 50 30 25 120 75 55 * 175 115 
W/B= 2 SGi * 110 65 
P. Strain 175 105 75 215 155 130 340 210 180 
l\:> 
~ 
C(T), a/ W= 0.6 
n=5 n= 10 n=20 
M1.0 M1.1 M 1.2 M 1.0 M 1.1 M 1.2 M1.0 M 1.1 M 1.2 
W/B = 2 35 25 20 90 60 45 160 115 90 
W/B = 2 SG 115 80 55 
P. Strain 50 35 25 70 60 50 75 65 55 
Notes: M 1.2 denotes, for example, the size/deformation limit at which JFB/ Jo is allowed to reach 1.2 
- denotes no finite element analysis available from this study 
* indicates no value possible from analysis 
Table 4. Bert' ratios at saturation and deforJnation levels 
SE(B), a/ W== 0.1 
W/B=4 W/B=2 WIB=1 
n=5 n= 10 n=~~O n=5 n= 10 n= 10 SG n=20 n=5 n=10 n=20 
BettlB 0.58 0.46 0.36 0.65 0.52 0.75 0.37 0.79 0.68 0.52 
Javglaoo 0.06 0.06 0.07 0.10 0.12 0.36 0.14 0.07 0.10 0.09 
SE(B), a/ W== 0.5 
~ 
WIB=4 W/B=2 WIB=1 ~ 
n=:5 n=10 n=~~O n=5 n= 10 n= 10 SG n=20 n=5 n=10 n=20 
BettlB 0.53 0.43 0.35 0.54 0.45 0.50 0.39 0.66 0.63 0.60 
Javg/ boo 0.008 0.011 0.010 0.014 0.015 0.025 0.015 0.016 0.018 0.012 
C(T), a/ W== 0.6 
W/B=4 WIB=2 W/B=1 
n=!) n= 10 n=~~O n=5 n=10 n=10 SG n=20 n=5 n=10 n=20 
BettlB 0.5:2 0.42 0.35 0.56 0.47 0.53 0.42 0.72 0.70 0.69 
Javgl boo 0.011 0.012 0.015 0.017 0.018 0.030 0.020 0.008 0.008 0.008 
J.',J 
01 
Symmetry Plane, X3 = 0 
~B 
a 
GX3 X1 
2W 
9240 Nodes, 7658 Elements (8-node, B) 
14 Layers for B /2 
(a) 
2~ 
1 
W j 
Symmetry Plane, X3 = 0 
X2 
~ X3 X
1 
8085 Nodes, 6566 Elements (8-node, B) 
14 Layers for B /2 
(b) 
Fig. 1. Typical finite element models for investigation of constraint effects in: (a) SE(B) specimens and (b) C(T) specimens." 
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Fig. 2. Opening mode stresses on crack plane and principal stress contour areas for SSY (T= 0, plane-strain), 
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Fig. 3. (a) :Normalized load-displacement responses for deep notch SE(B) specimens. (b) Normalized plastic work 
on remaining ligament used to compute plastic "eta" factors for J estimation. E lao = 500, n = 10 all analyses. 
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Fig. 4. Distributions of J over crack front for shallow notch SE(B), a/W = 0.1. (a) W/B = 2, n = 5; (b) W /B = 2, n = 10; 
(c) W/B=I, n=5; (d) W/B=l, n=10. E/ao=500,v=O.3 all analyses. 
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Fig. 5. Distributions of J over crack front for C(T) specimens, ajW = 0.6, W jB = 2, n = 10; (a) plane-sided speci-
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Fig. 6. Distributions of CTOD over crack front for plane-sided SE(B) specimens, W/B = 1, n = 10. (a) a/W = 0.5, 
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Fig. 7. Constraint in terms of Q triaxiality parameter for plane-sided, deep and shallow notch SE(B) specimens hav-
ing W /B = 1, n = 10. (a) and (b) show variations across crack front for Q defined at r/(J /ao) = 2. (c) and (d) show typical 
dependence of Q on distance ahead of crack tip. E/ao = 500, v = 0.3 in all analyses. 
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Fig.!1. J-Q trajectories for C(T) specimens showing effects of B /W ratio, side-grooves and strain hardening. 
Q delfined at r/(J/oo)=2 and E/oo=500, v=O.3 in all analyses. 
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Fig. 10. Constraint in terms of the toughness scaling model for plane-sided, deep and shallow notch SE(B) specimens 
having W/B = 1, n = 10. (a) and (b) show variations across crack front. (c) and (d) show corresponding dependence of tough-
ness scaling ratio on specified principal stress value. E lao = 500, v = 0.3 in all analyses. 
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